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1. Introduction

Let G be a group of order un and N be a subgroup of G of order n. A k-subset D
of G is called an (u,n, k, \) relative difference set (RDS) in G with respect to N if the
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expressions didy U with di,dy € D, dy # ds, represent each element of G\N exactly A
times and represent no element of N. If the group G is abelian, then D is called abelian
RDS. If & = u, then D is called semi-regular RDS.

In this paper, we focus on semi-regular RDS. Semi-regular RDSs not only have their
own interest, but also have applications in mutually unbiased bases [7]. There have been
a number of papers devoted to the research on (p®, p®, p%,p®~%) RDSs (see [15,17] and
the references therein). A construction of (p?*(p+1),p + 1,p*(p + 1), p**) RDSs can be
found in [3,9], where ¢ is a positive integer and p = 2 or p is a Mersenne prime. Feng [5]
gave a construction of (p(p +1),p,p(p + 1),p + 1) RDSs, where p is a Mersenne prime.
Constructions of non-abelian RDSs with parameters (4q, ¢, 4q,4) and (16¢, ¢, 16¢, 16) can
be found in [6,20], where ¢ is a sufficient large prime power with ¢ = 1 (mod 4). For
the nonexistence results, Ma [14] showed that there does not exist abelian (pq, g, pg, p)
RDSs with p, g being two distinct odd primes such that p > ¢. In [10], Leung, Ma and
Tan showed that there is no abelian (3pq, 3, 3pg, pg) RDS with p, ¢ being two distinct
primes larger than 3. Feng and Xiang [6] proved that if @ = 1 or 2 and p is an odd prime,
then there does not exist an abelian (2%p, p, 2*p, 2*) RDS except a = 2 and p = 3. In [§],
Hiramine proved that if an abelian (2n,n, 2n, 2) RDS exists, then n is a power of 2 except
for a few cases. Some nonexistence results on (mn,n, mn,m) RDS with ged(m,n) =1
can be found in [5,20].

The primary aim of this paper is to continue this investigation and provide new nonex-
istence results for semi-regular RDSs. Some of our results still rely on the “traditional”
self-conjugacy approach, but the most significant parts of our paper concern cases with-
out the self-conjugacy condition. This in fact extends the pioneering work of Ma [14]
who developed powerful tools that do not require the self-conjugacy assumption. In this
vein, we combine a new “trick” to deal with Weil numbers corresponding to characters of
different orders with a result on unique differences modulo p to prove that, for any fixed
integer n > 2, there are at most finitely many primes p for which an abelian (pn,n, pn, p)
relative difference set may exist.

2. Preliminaries

To study a relative difference sets in a group G, it is convenient to use group ring
notations. Let Z[G] denote the group ring of G over Z. For any A € Z[G], A can be
written as A = deG agg, where ay € Z. We identify a subset S of G with the group
ring element }° o g. Given any A = }° . a49 € Z[G], we define AW = > e 99"
We also define supp(A) = {g € G : a4 # 0}.

It is well known that a subset D in G is an (mn, n, mn, m) RDS with forbidden group

N if and only if

DDY =mnlg +m(G — N), (1)
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where 1 is the identity of group G. Moreover, if D is an (mn,n, mn,m) RDS in G with
forbidden group N, then D contains exactly one element of each coset of N in G.

Lemma 2.1. [16, Theorem 4.1.1] Let R be an abelian (m,n,m,m/n) RDS in G relative
to N. Then exp(G)|m or G = Z4, n = 2.

Lemma 2.2. [4] Let R be an (m,n,k,\) RDS in G relative to N. If U is a normal subgroup
of G contained in N, and if p denotes the canonical epimorphism G — G /U, then p(R)
is an (m,n/u,k, \u) RDS in G/U relative to N/U.

The standard tool to investigate if possible solutions exist for (1) is to apply character
theory. We denote the group of all characters of G by G*. For any A = deg dgg and
X € G*, define x(A) = dec dgx(g). The following inversion formula shows that A is
completely determined by its character value x(A), where y ranges over G*.

Lemma 2.3 (Fourier inversion formula). Let G be an abelian group. If A=73" ;aq9 €
Z[G), then

ag = |—1‘ > x(Ax(g™h),

XEG*

forallg e G.
For any subgroup U of G, we set
Ut ={xeG :x(g)=1, VgeU}.
Using Fourier inversion formula, it is easy to conclude the following;:

Lemma 2.4. Let D be a subset of G. D is an (mn,n,mn,m) RDS with forbidden group
N in G if and only if for any character x € G*,

m2n2, if x is principal;
Ix(D)J*=¢ 0, if x s nonprincipal and x € N+,
mn, if x is nonprincipal and x ¢ N*.

Suppose G = U x K. Then for any A = }_ _;ay9, we may write A = >, Dyg
where Dy € Z[U]. Often, we are interested in finding the value of x(Dy) for any character
x € G*.

Lemma 2.5. Let G be an abelian group and let E =
U of G and every x € G*, we have

geG 099 € Z[G]. For every subgroup
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Y oxr(B) = U x [ D agg

TeU+ geU

Proof. Using the orthogonality relations, we compute

Z x7(E) = Z XT(Z ag9)

TeU+L TeUt geG

Z Z agxT(9)

reU+ geG

=Y agx(g) Y 7(9)

geG TeU+

= U agx(g)

geU

= U x> ag9).

geU

This proves the lemma. 0O
From now on, we assume (,,, is a primitive m-th root of unity.

Corollary 2.6. Let G = U x K be an abelian group of exponent e and suppose that
D € Z|G] satisfies (D) = 0 (mod B) for all v € G* for some B € Z[(,] coprime to
|K|. Write D = 3_  Dgg with Dy € Z[U]. Then x(Dg) =0 (mod B) for all g € K
and x € G*.

Proof. Let g € K, write E = Dg™! = > hee anh with ap, € Z, and let x be any character
of G. Comparing the coefficients of elements of K on both sides of Fg = D, we see that
> hew anh = Dy. Note that |U+| = |K|. Hence

[K[x(Dg) = [U*|x <Z ahh> = > x7(B) (2)

heU TeU+

by Lemma 2.5. Note that x7(E) = x7(D)x7(g~!) = 0 (mod B) by assumption. Hence
|K|x(Dgy) =0 (mod B) by (2). As |K| and B are coprime, this implies x(Dy) = 0 (mod
B). O

3. Number theoretic background
By Lemma 2.4, we are led to study the equation |X|? = n in Z[(,] for integers n

and u, the solution X is called a Weil number. There are basically two directions to
prove non-existence results. One direction is to find conditions on n and w such that no
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solution exists. If there are indeed solutions, we find all of them and try to show that
the structure of the solutions does not meet the requirements for such difference sets.

Generally, it is quite difficult to find all the solutions for |X|? = n in Z[(,]. We
say that A, B € Z[(,] are equivalent if B = +(!7(A) for some integer i and some
7 € Gal(Q(¢,)/Q). For n = 2, we have the following:

Lemma 3.1. [2, Lemma 6] Let u be a positive integer and X € Z[(,] with | X|? = 2. Then
X s equivalent to 1+ Cy, 1+ 7+ C3, or 1+ (% — 5.

In [11] and [12], we obtained some interesting results when wu is a prime power. We
record some of them that we will apply in later sections.

Lemma 3.2. [11, Theorem 4.7] Let p be an odd prime and let a,w be positive integers
with ged(w, p) = 1. Suppose that X € Z[(ye] satisfies | X|* = w?. Write w = wow such
that ord,(q) =0 (mod 2) for all prime divisors g of wo and ord,(g) =1 (mod 2) for all
prime divisors ¢ of wi. If wy =1 or wq > 1 and ged(ord,(g1), - -, ordy(qr)) > 2wy — 1,
where q1,...,qr are the distinct prime divisors of wy, then X = nw for some root of
unity 7.

The following two lemmas follow from [12, Theorems 22 and 23].
Lemma 3.3. Let p be an odd prime and n be a nonsquare integer not divisible by p.
Let q1,...,qs be the distinct prime divisors of n. Write f = ged{ord,(q1), ..., ordy(gs)}.

Assume that there is X € Z[(pea] with |X|*> =n. Then f is odd and p <n?+n+ 1.

Lemma 3.4. Let a be a positive integer. Let p,q be primes satisfying ord,(q) > 2q. Then
there is no solution for | X|* = q, X € Z[(pe].

Definition 3.5. Let p be an odd prime. We define

p—1 .
o= ()4

r=1
where (%) is the Legendre symbol. For convenience, we set ©2 = 1 + (4.

Note that O, a Gauss sum. We record a known result concerning ©,.

Lemma 3.6. [12, Corollary 8] Suppose X € Z[(pa] satisfies | X|*> = p*"*in where n € N,
re NU{0} and i € {0,1}. Then X = p"©LA for some A € Z[(pa] with |A]> = n.

Next, we deal with the case where u not necessarily is a prime power. For our appli-
cation, we record a simplified version of [18, Theorem 2.2.2].
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Lemma 3.7. Let p, q be distinct primes and u = pq" where v is a positive integer. Suppose
X € Z[C] is a solution of XX = q* with a > 1. If p{ ¢ — 1, then there is an integer j
such that

X() € Z[G) or X = ([0,
where Y € Z[(p) with |Y|* = ¢* 1.

For more general situations, we need the so-called self-conjugacy assumption to de-
termine the solution of | X|? = n.

Definition 3.8. Let u = p®*u’ with ged(p,u’) = 1 where p is a prime and «’ is a positive
integer. Then p is called self-conjugate modulo u if there exists an integer j such that
p’ = —1 (mod u’). A composite integer n is called self-conjugate modulo u if every prime
divisor of n is self-conjugate modulo u.

The self-conjugacy assumption imposes a strong necessary condition on the solution
of equation |X|* = n in Z[(,).

Proposition 3.9. Suppose that A € Z[(,] satisfies |A|> = n and let w be a divisor of n
that is self-conjugate modulo u. Write w = wwy where wy = Hle p; s the square-free
part of w and the p;’s are distinct primes (k = 0, i.e., wo = 1 is allowed) that divides
we. Then

k
A=0 (mod w1H®pi> .

=1

Proof. Write B = w, Hle ©,,, where ©,,0,, = p;. Note that |B|> = w? le D =
w. Let p be any prime ideal of Z[(,] above w and, for X € Z[(,], let v,(X) be the
largest nonnegative integer such that X € p*»(X). Note that p is invariant under complex

conjugation, since w is self-conjugate modulo u. Hence |A|?> = n = 0 (mod w) and
|B|? = w imply v, (A) > vy (B). We conclude A =0 (mod B). O

Corollary 3.10. Let p be a prime and let n,u be positive integers with ged(u,p) = 1.
Suppose A € Z[C,] and |A|? = n. If pt||n and p is self-conjugate modulo u, then t is

even.

Proof. Since p is self-conjugate modulo u, then (p) = p; - - - ps, where the p;’s are distinct
prime ideals of Z[(,] above p, and p; = p;. By Proposition 3.9, the result follows. 0O

To end this section, we prove a technical lemma.
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Lemma 3.11. Let p be a prime and m a positive integer with p{tm. Let X = qu xZ(i
and Y = Zl o T; where x; € Z[(y]. Suppose ptY, |X|? =|Y|* = pw and p { w. Then
p|XY.

Proof. Since |Y|? = pwand Y € Z[(,,], Corollary 3.10 implies that p is not self-conjugate
modulo m. Hence the prime ideal factorization of pZ[(,,] has the form

c/2

Z{Gn] = [T %%, (3)

where ¢ = p(m)/ord,,(p) and the 9B;’s are pairwise distinct prime ideals of Z[(,,]. By
(3), the prime ideal factorization of Y has the form

c/2

YZ[Gn) = W [ R0

i=1

where W is some product of prime ideals that contain w and «;, 8;, are nonnegative
integers. Since |Y|? = pw with p{w, we have o; + 8; = 1 for all i. Hence, interchanging
B; with P; if necessary, we have

c/2

=W H Bi (4)
=1

where W is an ideal in Z[(,] relatively prime to pZ[(,,]. On the other hand,
c/2 p=l

Cpm = 1_[Q D ’ (5)

where the Q;’s are pairwise distinct prime ideals of Z[Cpm], QV" = P Z[Cpm)] for all 4,
and Hffl 9:9; = (1= G)Z[Gpml-
By (5), the prime ideal factorization of X has the form

c/2
ZlGom) = W T[0TV with 0 < 0 < (p— 1),
i=1

and W’ is a product of prime ideals that contain w. To show p| XY, it suffices to show
a; =p — 1 for all 4.

Note that X =V = S "z,(1 — ¢}). Hence, X —Y = 0mod (1 —¢,). Since 1 — ¢, €
N NQ; and Y € P; € O, it follows that X € Q. In particular, a; > 1. To show

a; = p — 1, it suffices to show that X ¢ Q;. Otherwise, it follows that Y € ; also. But
then as P; = Q;NZ[(n], we have Y € P, also. This is impossible and thus o;; = p—1. O
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4. Results on the M-function

As demonstrated in [11], M-function is a useful tool to study Weil numbers. We first
recall the definition of M-function.

Definition 4.1 (M-function). For X € Z[(,], let

1 Y \O
MX)=— >  (XX),
o€Gal(Q(¢u)/Q)

where ¢ denotes the Euler totient function.

Note that M(X) > 1 for all nonzero X € Z[(,] by the inequality of geometric
and arithmetic means, since HaGGaI(Q(Cu)/Q) (XX)? > 1. The following lemma is a
consequence of [2, (3.4),(3.16)]. For the convenience of readers, we give a proof here.

Lemma 4.2. Let X € 7Z[(,], let ¢ be a prime divisor of n, and write n = ¢°n' with
ged(g,n') = 1. If b=1, then X = 0" X, with X; € Z[Cw] and

MX) = — > MXi - X)) (6)

0<i<j<q—1

On the other hand, if b > 1, then X = 23;1_1 XiC;,, with X; € Z[Cyn'] and

bll

Z M(X (7)

Proof. Observe that

@1 @1
I Vi
i=0 =0 0<j#i<qb—1-1
Therefore,
-1
S o(xP) = c(XP)+Tr( Y XX
0€Gal(Q(¢n)/Q) 0€Gal(Q(¢n)/Q) =0 0<j#i<gb—1-1

where Tr : Q(¢,) — Q is the trace function.
For b =1, we then have

p(n)M(X) = > (g = D)o ZIXI Jro( Y XX)(-D)

7€Gal(Q((,r)/Q) 0<j#i<q—1
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=1 -5 _
Note that » 5_; ¢ = —1. Hence,

p(n)M(X) = >, Yoo X=X = Y e )M(X; - X))

0€Gal(Q((,,/)/Q) 0<i<j<g—1 0<i<j<q—1

Since p(n) = (q— Dep((n'), (a) follows.
For b > 2, ¢*|Ord((; “7) and thus for each summand z in X; X]C » 7, ¢*|Ord(z). There-
fore, Tr(z) = 0 and

Tr( Y XX() =

0<j#i<q—1
On the other hand,
¢® t-1 -1
> > a(xi) > ¢ o (1Xi?)
0€Gal(Q(¢n)/Q) =0 0€Gal(Q(¢,,1)/Q) =0

as each X; € Q((gn’). We thus get (b). O

The length of cyclotomic integers was defined in [12]. Here, we generalize the definition.
Recall that the supp(A) denotes the support of a group ring element A, as defined in
Section 2.

Definition 4.3. Let n, m be positive integers with ged(m,n) = 1. Let G be a cyclic group
of order n, and let g be a fixed generator of G. For Y = Y 7~ 01 a;g' € Z[(n][G], write
Y(¢n) = 320 ai¢l. We say that Y is m-minimal if

|supp(Y)| = min {|supp(Z)| : Z € Z[¢m][G], Y (¢n) = Z(Cn)} -

If X € Z[(n][¢n] and Y € Z[(n][G] with Y(¢,) = X, then Y is called an m-alias of
X. The m-length of X is [supp(Y)|, where Y is a minimal m-alias of X. We denote the
m-length of X by £,,(X).

It is straightforward to check that by using a similar argument as in the proof of [12
Lemma 20], with a? replaced by M(a;), we obtain the following:

Lemma 4.4. Let p be prime and pt m. Suppose X = Zf;ol aiCZ’; with all a;’s are in Z[Cm).
Then

M(X) >~ <<p 6 (X)) 3 M(ar) + b (X) max{0, £ (X) Z}) B

=0

In particular,
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2(p—1)’ p—1

Note that in the argument shown in [12, Lemma 20], we need to apply Lemma 4.2 and
use the fact that M(a;) > 1 whenever a; # 0. The following is a “field-descent” result
based on the investigation of unique differences modulo p. In a group G, a subset A in
G is said to have a unique difference if there exist g, h € A such that gh~! # xy~! for
any z,y € G with (g, h) # (x,y). For the convenience of readers, we record the following
result by Lev [13].

Result 4.5. Let A be a subset of a finite abelian group G and let p be the smallest prime
divisor of |G|. If p > 214171, then A has a unique difference.

Proposition 4.6. Let u = p®u’, where p is a prime, a > 1 and ged(p,v') = 1. Let n be any
positive integer such that p > max{4n? 2" 1}. If X € Z[(,] is a solution of XX = n,
then there is an integer j such that X (). € Z[Cu].

Proof. We first deal with the case a > 2. Write X = 77 | X;(yi where 0 # X; € Z[(puw]
and 0 < a; <as <...<a, <p*'—1.
By Lemma 4.2 (7),

Since M(X;) > 1 if X; # 0, we conclude that s < n. We claim that {as,...,as} does
not have a unique difference modulo p®~! if s > 2.
Consider the equation

pilo1

XxC= %" > XiXiCpa T G = .

r=0 a;—aj=r mod p®—1

P
linearly independent over Q[(p./], we see that

Note that X;X;(e “ ™" € Q] if a; —a; = r mod p®~1. As {1, (pe, .. .,4527171} is

Y X =0

a;—aj=r mod p®—1

As all X;’s are nonzero, the sum above either consists of no terms or at least two sum-
mands. Therefore, by viewing {a1...,as} C Zpa-1, we see that {a;...,as} does not
have unique difference. By Result 4.5, this is impossible if s > 2 as p > 2"~!. Therefore,
s =1 and we may assume X € Z[(py/].

As before, we write X = Y7 | XiCy where 0 # X; € Z[(w] and 0 < ay <ag < ... <
as < p—1. We claim that s = £,/ (X) <mn.
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In view of Lemma 4.4, we conclude that

2p — 2

2n = 2M(X) > M(X) =

> s.

Hence s < 2n — 1. Observe that 2n —1 < (p —1)/2 as p > n? + n + 1. Thus the product
s(p — s) is increasing when s varies from 1 to 2n — 1. However, if s > n + 1, then by
Lemma 4.4,

sp—s) _ (m+1)(p—(n+1)) n+p—(n+1)>2
M(X)Z b1 > b1 >n+T>n.

It follows that s < n. Write
p—1
mxx =YY xxg
r=0a;—aj;=r mod p

Since p > n? +n + 1 > s, there exists 0 < ¢ < p — 1 such that ¢t # a; — a; for any
1 <i,5 < s. In particular,

As {1,¢p, ..., B \{¢)} is linearly independent over Q[(y/], it then follows for 1 < r <
p— 1)

> XiX;Gy =0.

a;—a;=r mod p

Using a similar argument as before, we see that {ai,...,as} C Z, does not have a
unique difference if s > 1, which again is impossible. Hence s = 1 and X = (, X’ for
some X' € Z[(w]. O
Lemma 4.7. Let u be a positive integer and X,Y € Z[(,].
(a) We have

M(X +Y)Y2 < M(X)V2 4 M(Y)V2 (10)
Moreover, equality holds in (10) if and only if Y = aX for some a € Q.

(b)) If X #0 and X =0 (mod m) for some integer m, then

M(X) > m?. (11)



12 K.H. Leung et al. / Journal of Combinatorial Theory, Series A 193 (2023) 105674

Proof. For a proof of (10), please see [19, p. 70]. Suppose that X = 0 (mod m). Then
X =mY for some Y € Z[(,], and M(X) =m2M(Y) > m?, since M(Y) > 1. O

Lemma 4.8. Suppose that X,Y € Z[(,] satisfy |X|? = |Y|? =n and X = Y (mod a)
where a,m,v are positive integers. If X #Y, then a < 2¢/n.

Proof. Suppose that X # Y. Note that M(X) = M(Y) =n. As X = Y (mod a) by
assumption, we have M(X —Y) > a? by (11). On the other hand,

M(X =Y) < M(X) + MY) +2M(X)PM(Y)/? = 4n
by (10). We conclude a? < 4n and thus a < 2y/n. O

Lemma 4.9. Let u,n > 2 be integers and suppose that X, Y € Z[(,] satisfy | X|? = |Y|* =
n. If X =Y (mod n), then X =Y, except for the following cases.

(i) n =2, X is equivalent to 1 + (4, and Y = X;

(ii) n =2, X is equivalent to 1+ (4, 1+ (7 + (3, or 1+ (% — (&, and Y = - X;

(iti) n =3, Y € {n(—=1+(3),n(—1+ (3)} for some root of unity n, and X =Y + 3n;
(iv) n =4, X = £2n for some root of unityn, and Y = —X.

Proof. Suppose that X =Y (mod n) and X # Y. By Lemma 4.8, we have n < 2\/n
and thus n < 4.
Suppose that n = 4. By (10),

M(X —Y) < M(X) + M(Y) + 2M(X)V2M(Y)V? = 16.

Since X =Y (mod 4), then M(X —Y) > 16. Hence we have equality in (10) and thus
Y = aX for some o € Q. Since | X| = |Y], we conclude X = £Y. As X # Y, this implies
X =-Y. Hence 2X = X —Y =0 ( mod 4) and thus X = 0 (mod 2). This implies
X = 29 for some root of unity 7.

Suppose that n = 3. As X =Y (mod 3), we have X — Y = 3Z for some Z € Z[(,].
Suppose that Z is not a root of unity. Then M(Z) > 3/2 by [2, Lemma 2]. Thus
M(X =Y) = OM(Z) > 27/2, contradicting (10). Hence Z is a root of unity, i.e.,
X —Y = 35 for some root of unity n. We conclude

3=|XP =Y +3n2=YPP+9+3(Yn+Yn) =12+3(Yij+Yn)

and hence T 4+ T = —3 where T = Y. This implies R(T") = —3/2, where R(T") denotes
the real part of T. Thus T' = —3/2+ai with a € Q. Note that 3 = |Y|? = |T|> = 9/4+a?.
Hence a = +v/3/2 and T = —3/2 4 (v/3/2)i = =1+ (3 or T = —1 + (2. We conclude

Y =nT € {n(-1+G)n(-1+¢)}
Finally, for n = 2, we check that either (i) or (i¢) holds by applying Lemma 3.1. O
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Lemma 4.10. Suppose X = Zf;ol xiCZ) and x; € Z[Cn] for alli. If ptm, |X|*> = p and
|Zf:_01 z;|* = p, then there exists j such that |z;|* =p and ; =0 if i # j.

Proof. Let Y = Zf;ol x;. We first deal with the case p = 2. In this case X = zg — x;
and Y = xg + x1. But by Lemma 4.9, we see that X = +Y. That means either o =0
orxzy =0.

We may now assume p > 3. By Lemma 3.11, we see that p|XY . Therefore,

p—1
XY = Z 2, Y =pZ
i=0
for some Z € Z[(pm]. Since | X|? = |V|? = p, it follows that |XY| = p. Hence |Z| = 1.
Therefore, Z = CCZ’; for some integer ¢ and a root of unity ¢ € Z[(;,]. We may assume
t = 0. Then

p—2

Z(ﬂﬁz —z,1)Y () = pC.

=0

Multiplying both sides by Y, we obtain Zf;OQ (z; — :cp—l)% =Y(asYY = p. Therefore,
(o — 2p—1) = Y and x; — 2p—1 = 0 whenever 0 < ¢ < p — 2. Thus, Y = Zf;ol T; =
Y( 4+ pxp—1. By Lemma 4.9, z,_1 = 0 and ¢ = 1 if p > 3. It then follows z; = 0 for
i # 0. Our conclusion then follows.

Finally, we assume p = 3. By Lemma 4.9, if z,_1 # 0, we may then assume X or YV’
is in Z[(3] and X = Y + 3 after multiplying X and Y by n~!. Thus, we may assume
both X,Y € Z[(3]. This is impossible as Y € Z[(,,,] with 3 f m. Therefore, z,_1 = 0 and
hence z; =0ifi#£0. O

5. General nonexistence results

In this section, we assume D is an (mn,n, mn,m) RDS in an abelian group G. We
will derive some necessary conditions on m,n.

Theorem 5.1. Let D be an (mn,n,mn,m) RDS in group G relative to a subgroup N.
Suppose q is a prime divisor of n and ¢'||mn.

(a) For any prime p # q that divides mn and self-conjugate modulo q if q is odd or q¢* if
q = 2, then p®||mn implies b is even.
(b) Let q1,q2,...,9s be all the distinct prime divisors of mn which are self-conjugate

modulo q if q is odd and q* if ¢ = 2. Suppose q # q; for all i and qfi mn for i =
1,...,s. Denote A := mn/(qtqi’1 ...q%). Then either A is a square or ¢ < A2+ A+1.

Proof. There exists x ¢ N+ such that ord(x) = ¢". By Lemma 2.4, |x(D)|?> = mn. Since
p°[lmn and x(D) € Z[{,], it follows from Corollary 3.10 that b is even.
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For (b), it follows from Proposition 3.9 that there exists B € Z[(,] such that B|x(D)
and |B|?2 = ¢°¢}" ... ¢%. Therefore, there exists X € Z[(,-] such that |X|? = A. It follows
from Lemma 3.3 that ¢ < A2+ A+1. O

To deal with the case when A is a square, we need a different approach.

Lemma 5.2. Let D be an (mn,n,mn,m) RDS in group G relative to a subgroup N.
Suppose ¢*¢||mn and there exists a subgroup G’ such that G = G' x Gy and q 1 |G'|. If
¢°|x(D) for all x € G, then

¢‘n <n+|Gy| — |Gy N NJ|.

Proof. Let  : G — G’ be the natural projection. Write D = >, _, Xph where X, €
Z|G4]. Note that n(D) = 3, o | Xn|h and

n(DDYY = mn +m|Gy| - G —m - n(N). (12)

By Corollary 2.6, |X;| =0 (mod ¢°) for all h. By comparing the coefficients of identity
in both sides of the Equation (12), we get

3 [Xn|? < mn+m|Gi| - m|Gy N N].
heG’

Since ), [ Xn| = mn and ¢° divides | X},|, it follows that

S Iy > e Shcer %
heG’ @
(Here we use the inequality that if all a;’s are nonzero integers, > ;_, |a;|> > |a|?*r where
a = min{a; : i = 1,...,7}.) Therefore, ¢> ‘(%) < mn 4+ m|Gi[ — m|G1 N N| and our
lemma follows. O

Theorem 5.3. Let D be an (mn,n,mn,m) RDS in group G relative to a subgroup N.
Suppose q is a prime; ¢°||mn and n is not a power of q. If there exist m'|m, n'|n such
that the following conditions hold:
(1) ged(Z2, mn'?) = 1;
(ii) gtm/'n’ and n' # 1;
(iii) q s self-conjugate modulo m'n

12,
)

- 1.

then c is even and qzn’ <n' +

mn’

Proof. By (i), there exist subgroups G’ of order m/n’? and subgroup G; of order 7;”,—2,22
such that G = G’ x G. For any nonprincipal x € Gi, x(D) € Z[(mn] and |x(D)[? = mn
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or 0. As ¢ ¥ n/ and n’ > 1, it follows from Theorem 5.1 that ¢ is even. By Proposition 3.9,
we deduce that ¢°/2|x(D). Our Theorem now follows from Lemma 5.2. 0O

For the purpose of our applications, it is sufficient to consider the case m’,n’ in
Theorem 5.3 are p-powers.

Theorem 5.4. Let D be an (mn,n,mn,m) RDS in group G relative to a subgroup N.
Suppose m = p®r, n = p’s where p is an odd prime, a,b are integers with b > 1; and
ged(p,r) = ged(p, s) = 1. Suppose rs is a square, write rs = (vov1)?, where ord,(q) =0
(mod 2) if glvo; and ord,(q) =1 (mod 2) if qlvi. If one of the following conditions

(1) U1 = ]-;
(ii) v1 > 1 and ged(ordy(qa), ..., ordy(qr)) > 2v1 — 1, where ¢1,...,q, are the distinct
prime divisors of vi;

holds, then p® < \/rs + 1.

Proof. We will follow the notation used in Theorem 5.3. In this case, |G'| = p*® and
|G| = rs. It follows from Lemma 3.2 that (vov1) | x(D). Since ged(vovy,p) = 1, we may
argue by a similar argument as in Theorem 5.3 and obtain

ptlrs

< mn+m(rs?) — pirs = p®tors 4+ pris? — pors.

2
(Uovl) VoV1

Recall that 7s = (vovy)2. After simplification, we obtain p® < /rs +1. O

The following results were implicitly contained in [1] and recorded in [8]. The first one
deal with the exponent of the group.

Lemma 5.5. Let D be an abelian (mn,n, mn,m) RDS in G relative to N. For any prime
p that divides n, we let S, be the p-Sylow subgroup of N. Then either p < m + 1 or

1,1 > V.

Lemma 5.6. Let R be an abelian (mn,n, mn,m) RDS in G relative to N. Suppose p > 3
is a prime dividing n and r,(G) denote the p-rank of G, i.e. the minimum number of
generators of the Sylow p-subgroup of G. Then

(p—m —1)n < p»(&) — pre(N) _ pro(G/N)
It is easy to deduce the following from Lemma 5.6.

Corollary 5.7. Let D be an abelian (mn,n, mn,m) RDS in G relative to N. There exists
at most one prime p that divides n with p > m + 1.
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Corollary 5.7 is crucial in the proof [8, Theorem 61.] as it reduces to the case when
n has at most one prime factor larger than 3. To end this section, we record a technical
result.

Lemma 5.8. Suppose D is an (mn,n,mn,m) RDS in G relative to N and gecd(m,n) = 1.
Write G = G' x H where G' is a subgroup of order m and H a subgroup of order n®. If
D=3 cc Dgg, then DgDy # H for some g # h in G'.

Proof. Suppose D,D;, = H for all g # h in G’. Then DgD}(L_l) = H for all g # h in G'.
Set W, = supp(DgD_l(fl)) for any g € G'. Suppose ab~! = cd~! for some elements a, b €
supp(Dy) and ¢,d € supp(Dp). As ad = bc and DyD), = H, we have a = b and ¢ = d.
Therefore, ab~! = e. This shows W, N W}, = {e}. In particular, Ugoze supp(DgDé_l)) N

supp(DeDé_l)) = {e}. Write

> DyDSY = (m—1)n+Ty and DD =n+ T
9EG"\{e}

where T1,T5 € Z[H]. Note that supp(71) N supp(72) C {e}. On the other hand, as
DD = mn +m(G — N), it follows that

Z DgDé_l) =mn+m(H—-N)=mn+T, +Ts.
geqG’

Hence, Ty + T = m(H — N). As supp(71) Nsupp(Tz) C {e}, it follows that Ty = mT]
and Ty = mTy where T7,T5 € Z[H].

Let x be a nontrivial character on H. Then x(D.) = 0 implies n+myx(74) = 0. Hence,
m|n. This is impossible. On the other hand, if x(D.) # 0, then x(D,) = 0 for all g # e.
Therefore, (m — 1)n + mx(T7) = 0. Again, m|n, which is impossible. O

6. Abelian (pn,n, pn,p) RDSs
In this section, we are only concerned with (pn,n,pn,p) RDSs for prime p.

Theorem 6.1. Let p,q be distinct primes. Then there does not exist an abelian (pq”,q",
pq",p) RDS if either one of the following holds:

(a) ordy(p) = 2p.
(b) PP+p+1<q.
(c) q is self-conjugate modulo p.

Proof. Let G = (g) x H be an abelian group, where g = 1 and |H| = ¢* . Write
D = Y00 D;g', where D; C H.
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Recall that D contains exactly one element of each coset of N. Since ¢ ¢ N and
N C H, this implies that each D; contains exactly one element of each coset of N in H.
Suppose ¥ is a nontrival character of H that is trivial on N. Let 7 be the character of
H/N that is induced by v, that is, 7(Ng) = ¢ (g) for all g € H. Note that 7 is nontrivial
since 1) is nontrivial. Hence

x(D;) = Z ¥(g) = Z 7(Ng)=7(H/N) =0 for all i. (13)
9€D; geD;
To prove part (a), we let x ¢ N+ with ord(y) = ¢2 for some integer a. Then |y(D)|? =
pq”. By Lemma 3.6, there exists X € Z[(;a] such that |X|? = p. By Lemma 3.4, we get
a contradiction.
(b) follows from Lemma 3.3.
Finally, we assume g is self-conjugate modulo p. Let x ¢ N+ be any nontrivial char-
acter of group G with ord(y) = ¢* for some integer a and o be a character of order p.

Clearly,
p—1
1Y XD =pg”
i=0
for 5 = 0,...,p — 1. Since q is self-conjugate modulo p, we deduce from Corollary 2.6

that ©"|x(D;) for i =0,...,p — 1. Let x(D;) = ©"x;. Then we have

p—1 p—1
1> 2P =pand | Y ;] =p.
§=0 3=0

By Lemma 4.10, we see that there exists i(x) such that |z;(,)|? = p for some i(x) and
x; = 0if j # i(x). Therefore, |x(D;))* = pq" and x(D;) = 0 if j # i(x). Hence for any
x ¢ N+, we have x(D;D;) = 0 whenever i # j. Combining this with (13), we conclude
that, for every nontrivial character x of H, we have x(D;D;) = 0 for i # j. Note that
as |D,||D;| = |H|, D;D; = H. This contradicts Lemma 5.8. O

We remark that Theorem 6.1 can be generalized by using a similar argument, but
omit the tedious details.

Theorem 6.2. Let p a prime, let n > 1 be an integer coprime to p, and let u be a
divisor of n such that ged(u, n/u) = 1 and n/u is self-conjugate modulo pn. If an abelian
(pn,n,pn,p) RDS exists, then p < max{du?, 2“2_1}.

Proof. Suppose such RDS exists and assume that p > max{4u?, 2“2*1}. Let G = (g) xH
be an abelian group, where g is an element of order p and |H| = n?. By Lemma 2.1,
we have exp(G)|np (the case G = Z4 cannot occur, since ged(p,n) = 1). As n/u is
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self-conjugate modulo pn by assumption, we conclude that n/u is self-conjugate modulo
exp(G).

Let q,q’ be primes that divide n/u. Suppose ¢*||(n/u). Then by Theorem 5.1 (a), t is
even if ¢ # ¢'. As ¢ # p and ged(n/u,u) = 1. It follows that either n/u is a square or
n/u = ¢" for some odd integer 7.

2

For any nonprincipal character x, |x(D)|? = pn or 0. As the order of x divides exp(G)

and n/u is self conjugate modulo exp(G), we then conclude from Proposition 3.9 that
there exist integer = and a prime g|n such that [0} |* = n/u; and

x(D) =0 (mod x@é).

Here i =0 or 1 and i = 0 if n/u is a square. For convenience, we write y = x@fl.

Write D = Zf;ol D;g' as in Theorem 6.1. In view of Corollary 2.6, we conclude that if
X is nonprincipal, then y|x(D;). Thus, we may set z; = x(D;)/y for all ¢ and z; € Z[(,]
as X(Dy) € Z[G).

If x ¢ N1, then |x(D)|?> = pn and thus

p—1 p—1
DGl =1 wil = pu.
i=0 i=0

By Lemma 3.11,

p—1 p—1
Q_wiG)(Q_as) =pY
=0 =0

where Y € Z[(pn] and |Y]2 = u2. Write Y = 377 yi¢}, where y; € Z[(y]. By Proposi-

tion 4.6 and our assumption that p > max{4u*, 2“2’1}, we see that there exists ¢ such
that Y = ¢} and y; = 0 if j # . Hence,

p—1 p—1
> xih = O w) oyt € QUGIE
j=0 §=0

Since Z?;é xjgg,‘ is an algebraic integer in Z[(py ],

p—1 p—1
v+ Y 207 = O w)G = O @) oy € Z[G)-
At =0 =0

It follows that x; = x; whenever j # t,7 # t. Now set s # ¢t and observe that

p—1

i—t

Ty — Ty = g xjg) .
j=0
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Hence, |2; — 25| = pu. Moreover,

If x5 # 0, then by Lemma 4.8, we obtain p < 2\/1?. This is impossible. Hence, z5 = 0
and z; = 0 if j # t. Therefore, x(D;) # 0 and x(D;) = 0 if j # t. That means
x(D;D;) = 0. Since this is true for all nonprincipal x € (g9)*, D;D; = aH for an
integer a. Now |D;| = |Dj| = n and |H| = n? so a = 1. By Lemma 5.8, we get a

contradiction. 0O

Corollary 6.3. For any fized integer n > 2, an abelian (pn,n,pn,p) RDS exists for at
most finitely many primes p.

Proof. Assume that an abelian (pn,n,pn,p) RDS exists. We set «w = n in Theorem 6.2.
Then n/u = 1. We may then say n/u is self conjugate modulo pn and by Theorem 6.2,
we get the desired conclusion. On the other hand, one may set ¥y = 1 in the proof of
Theorem 6.2, and then apply the argument to conclude p < max{4n?, 2"2*1}. O

Corollary 6.4. Let p > 3 be a prime and let n be a positive integer such that n is self-
conjugate modulo pn. Then no abelian (pn,n,pn,p) RDS exists.

Proof. Assume that an abelian (pn,n,pn,p) RDS exists. Setting uw = 1 in Theorem 6.2,
we conclude p < max(4,2°) =4. 0O

Note that Corollary 6.4 generalizes Theorem 6.1 (c) if p > 3. Next, we consider cases
without the self-conjugacy condition. It has been shown in [14] that (pg, ¢, pq,p) RDS
does not exist if p > q.

Theorem 6.5. Let p and q be two distinct odd primes such that ged(p,g — 1) = 1.
Then there does not exist an abelian (pq,q,pq,p) RDS. In particular, there is no abelian

(rq,q,pq,p) RDS if p > q.

Proof. Let G = (g) x H be an abelian group, where ord(g) = p and |H| = ¢?. Write
D = Y""") Dig*, where D; C H. Note that by Lemma 2.1, exp(G) = pq. Let x € G*\N*
be a character of order ¢ and 7 be a character of order p. Note that x(D) = x©, where
x € Z[¢,] with |z|? = p.

By Lemma 3.11, we see that z|7x(D) and therefore, 7x(D) = Y with Y € Z[(yq]-
As [Y|? = g, it follows from Lemma 3.7 that either Y = ©,( or Y € Z[(,]¢ where ( is a
root of unity. Note that as € Z[(,] and z|rx(D), z|x(D; — Dj) for any ¢, j.

We first consider the case Y € Z[(,]¢] for some j. We may assume ¥ = (e aiC)¢a
where a;’s are integers. As x|x(D; — Do), x(D; — Do) = xaicg. Note that ord(x) = ¢ as



20 K.H. Leung et al. / Journal of Combinatorial Theory, Series A 193 (2023) 105674

exp(G)|pg. H = (Ker(x) N H) x Q where Q is a subgroup of order ¢. Let : G — H be
the natural projection. We may consider x a character of @ and |x(n(D; — Dy))|? = pa?.
Thus,

n((D; — Do)(D; — Do) ™) = pa? + aQ. (14)

But by applying the principal character on the above equation, we conclude that pa? +
aq = 0. Note that a # 0 if a; # 0. Therefore, g|a;. But then we have ¢|Y, which is
impossible as |Y |2 = q. Hence Y = ©,( where ( is a root of unity.

We may assume Y = quCg where ¢ is a root of unity in Z[(,]. Pick ¢t # j, then
S X(Di — Dy)¢, = xZ. 1t is then clear that x(D; — Dy) = 0 and x(D; — Dy) = 20,4C.
But then

p—1

10, = ZX(Di) = ZX(Di = Dy) +px(Dy) = 26,4C + px(Dy).
i=0

If ¢ # 1, then p divides |1 — ¢|. This is impossible as ¢ = £¢}. Thus x(D;) = 0;
X(Dj) = x(D) and x(D;) = 0 if i # j.

It follows that x(D;D;) = 0 for all nonprincipal x € (g)*. Note that x(D;) = 0 if
X € Nt by the same argument as for (13). Therefore D;D; = aH for an integer a. As
|D;|-|D;| = n? = |H|, we see that a = 1 and D;D; = H. This contradicts Lemma 5.8. O

7. m=2,30r4

In this section, we focus cases on m < 4. We will now illustrate how our previous results
be applied in these situations. First, (2n,n,2n,2)-RDSs have been studied extensively
in [8]. One of main results is the following:

Result 7.1. [8, Theorem 6.10] If an abelian (2n,n,2n,2) RDS exists, then n is a power
of 2 except in the following cases.

(a) n=2%3% a,b>1.
(b) n = 223%p°, p¢ > 2%3% > 1 for a prime p > 3.

Here, we illustrate how we derive the above result from ours. By Theorem 6.1, we see
that (2¢",q",2¢",2) RDS does not exist if ¢ is a prime larger than 3. It then follows from
Corollary 6.4 that 2|n and there is at most one prime p > 5 that divides n.

Unfortunately, Corollary 6.4 cannot be applied to exclude cases not yet excluded from

a+b 2c—a
b

Result 7.1. However, we may apply Theorem 5.4 to study (¢%*p2*+?, ¢°p®, ¢*p q %)

RDS.
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Lemma 7.2. Suppose p,q are distinct primes and p is odd. Let a,b,c, o be positive inte-
gers and D be (¢*p®TP, q®p®, ¢*pt?, ¢?>=2p®) RDS. If q is self-conjugate modulo p or

ordy(q) > q¢ — 1, then p* < ¢° + 1.

Theorem 7.3. Suppose an abelian (2n,n,2n,2) RDS exists and p is an odd prime.

(a) If n=2p°, then p=7 and b is even.
(b) If n = 4p®, then p® € {77,237 317,73 : r > 2 is even,s > 1}.
(c) If n=8p®, then p* =3 or 7" with r > 2.

Proof. If 2 is self-conjugate modulo p or ord,(g) > 3, then by Lemma 7.2, p < 3 and
b= 1. But as 3 is self-conjugate modulo 4, it follows from Theorem 6.1 that b is even if
n=2-3"

If 2 is not self-conjugate modulo p and ord,(2) > 2v1—1 = 3, then again by Lemma 7.2,
we get p® < 3. This is impossible. Thus, ord,(2) < 3. Consequently, p = 3,5 or 7. As we
assume 2 is not self-conjugate modulo p, p = 7. Again, as 7 is conjugate modulo 4 from
Theorem 6.1 that b is even.

For (b), by Theorem 5.1 (b), there exists B € Z[(,»] such that |B|? = 8. As shown in
[12, Corollary 33|, p = 3,5,7,23,31,73. Since 2 is self-conjugate modulo 3 and 5, then
p cannot be 3 or 5. Note that 7, 23 and 31 are self-conjugate modulo 8, it follows from
Theorem 6.1 that bis evenif n =4-7°, n=4-23" or n =4 31°.

The proof of (c) is similar as (a). If 2 is self-conjugate modulo p, then p® < 22 +1 < 5.
Thus, p® = 3 or 5. By Lemma 5.5, p® cannot be 5.

If 2 is not self-conjugate modulo p and ord,(2) > 2v; — 1 = 7, then p® < 5. This is
impossible. Thus, ord,(2) < 7. Consequently, p = 3,5,7,31 or 127. As we assume 2 is
not self-conjugate modulo p, p = 7,31 or 127. For any x ¢ N+ with order p® for some
a > 1, we have [x(D)| = 16p°. Then x(D) = ©Y, where Y € Z[(ya]. Hence |[Y|? = 16.
By using a similar argument as in [12, Corollary 33], we see that either 4]Y or p = 7. If
#+ 7, we get a contradiction by Lemma 5.5. (Note that using the notation in Lemma 5.5,
q*¢ =16, n = 4p®, |G1] = 16 and |G'| = p*.) O

For m = 3, we obtain a result analogous to Result 7.1 as follows:

Theorem 7.4. Suppose an abelian (3n,n,3n,3) RDS exists. Then one of the following

conditions is satisfied:

(a) n=p" withp=3 or 13.
(b) n=2%3% a,b>1.
(c) n=223%°, p¢ > 293% > 1 for a prime p > 3.
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Table 1

Nonexistence of abelian (2n,n,2n,2) RDS for 2 < n < 100 and n # 2°.

n nonexistence n nonexistence n nonexistence

3 [8], Theorem 6.1 5 [8], Theorem 6.1 6 Theorem 5.1

7 [8], Theorem 6.1 9 [8], Theorem 6.1 10 Theorem 7.3

11 [8], Theorem 6.1 12 Theorem 5.1 13 [8], Theorem 6.1
14 Theorem 5.1 15 Theorem 5.1 17 [8], Theorem 6.1
18 Theorem 7.3 19 [8], Theorem 6.1 20 Theorem 5.1

21 Theorem 5.1 22 Theorem 5.1 23 [8], Theorem 6.1
24 ? 25 [8], Theorem 6.1 26 Theorem 7.3

27 [8], Theorem 6.1 28 Theorem 5.1 29 [8], Theorem 6.1
30 Theorem 5.1 31 [8], Theorem 6.1 33 Theorem 5.1

34 Theorem 7.3 35 Theorem 5.1 36 Theorem 5.1

37 [8], Theorem 6.1 38 Theorem 5.1 39 Theorem 5.1

40 [8, Theorem 3.11] 41 [8], Theorem 6.1 42 Theorem 5.1

43 [8], Theorem 6.1 44 Theorem 5.1 45 Theorem 5.1

46 Theorem 5.1 47 [8], Theorem 6.1 48 Theorem 5.1

49 [8], Theorem 6.1 50 Theorem 7.3 51 Theorem 5.1

52 Theorem 5.1 53 [8], Theorem 6.1 54 Theorem 5.1

55 Theorem 5.1 56 [8, Theorem 3.11] 57 Theorem 5.1

58 Theorem 7.3 59 [8], Theorem 6.1 60 Theorem 5.1

61 [8], Theorem 6.1 62 Theorem 5.1 63 Theorem 5.1

65 Theorem 5.1 66 Theorem 5.1 67 [8], Theorem 6.1
68 Theorem 5.1 69 Theorem 5.1 70 Theorem 5.1

71 [8], Theorem 6.1 72 Theorem 5.3 73 [8], Theorem 6.1
74 Theorem 7.3 75 Theorem 5.1 76 Theorem 5.1

7 Theorem 5.1 78 Theorem 5.1 79 [8], Theorem 6.1
80 Theorem 5.1 81 [8], Theorem 6.1 82 Theorem 7.3

83 [8], Theorem 6.1 84 Theorem 5.1 85 Theorem 5.1

86 Theorem 5.1 87 Theorem 5.1 88 Theorem 7.2

89 [8], Theorem 6.1 90 Theorem 5.1 91 Theorem 5.1

92 Theorem 7.3 93 Theorem 5.1 94 Theorem 5.1

95 Theorem 5.1 96 7 97 [8], Theorem 6.1
98 ? 99 Theorem 5.1 100 Theorem 5.1

Proof. By Theorem 6.1, we see that p < 13. On the other hand, 3 is not self-conjugate
modulo p and p is not self-conjugate modulo 3, therefore, p = 2 or 13. By Corollary 6.4,
there is at most one prime factor of n larger than 3. Thus (b) or (c) holds. O

Again, by applying Lemma 7.2, we obtain the following in case n = 3p".

Theorem 7.5. Let p > 3 be a prime. If an abelian (9p",3p",9p",3) RDS exists, then
p=11 or 13.

Proof. Suppose ord,(3) > 5 or p is self-conjugate modulo 3. Then by Lemma 7.2, p" <
3+ 1 = 4. This is impossible as p > 5. Therefore, ord,(3) < 5 and p is not self-conjugate
modulo 3. Thus, p =11 and 13. O

For m = 4, using a similar argument as Theorem 7.3, we deduce the following:

Theorem 7.6. Let p be a prime and r be a positive integer, then there does not exist an
abelian (4p",p",4p",4) RDS except p=2,7 and p =3, r = 1.
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Table 2
Nonexistence of abelian (3n,n,3n,3) RDS for 2 < n < 100 and n # 3°.
n nonexistence n nonexistence n nonexistence
2 Theorem 7.4 4 Theorem 7.4 5 Theorem 7.4
6 Theorem 5.1 7 Theorem 7.4 8 Theorem 7.4
10 Theorem 5.1 11 Theorem 7.4 12 ?
13 ? 14 Theorem 5.1 15 Theorem 5.1
16 Theorem 7.4 17 Theorem 7.4 18 Theorem 5.1
19 Theorem 7.4 20 Theorem 5.1 21 Theorem 5.3
22 Theorem 5.1 23 Theorem 7.4 24 Theorem 5.1
25 Theorem 7.4 26 Theorem 5.1 28 Theorem 5.1
29 Theorem 7.4 30 Theorem 5.1 31 Theorem 7.4
32 Theorem 7.4 33 Theorem 5.1 34 Theorem 5.1
35 Theorem 5.1 36 Theorem 5.1 37 Theorem 7.4
38 Theorem 5.1 39 ? 40 Theorem 5.1
41 Theorem 7.4 42 Theorem 5.1 43 Theorem 7.4
44 Theorem 5.1 45 Theorem 5.1 46 Theorem 5.1
47 Theorem 7.4 48 ? 49 Theorem 7.4
50 Theorem 5.1 51 Theorem 5.1 52 Theorem 5.1
53 Theorem 7.4 54 Theorem 5.1 55 Theorem 5.1
56 Theorem 5.1 57 Theorem 7.5 58 Theorem 5.1
59 Theorem 7.4 60 Theorem 5.1 61 Theorem 7.4
62 Theorem 5.1 63 Theorem 5.1 64 Theorem 7.4
65 Theorem 5.1 66 Theorem 5.1 67 Theorem 7.4
68 Theorem 5.1 69 Theorem 7.4 70 Theorem 5.1
71 Theorem 7.4 72 Theorem 5.1 73 Theorem 7.4
74 Theorem 5.1 75 Theorem 5.3 76 Theorem 5.1
7 Theorem 5.1 78 Theorem 5.1 79 Theorem 7.4
80 Theorem 5.1 82 Theorem 5.1 83 Theorem 7.4
84 Theorem 5.1 85 Theorem 5.1 86 Theorem 5.1
87 Theorem 5.1 88 Theorem 5.1 89 Theorem 7.4
90 Theorem 5.1 91 Theorem 5.1 92 Theorem 5.1
93 Theorem 7.5 94 Theorem 5.1 95 Theorem 5.1
96 Theorem 5.1 97 Theorem 7.4 98 Theorem 5.1
99 Theorem 5.1 100 Theorem 5.1

Note that an abelian (12, 3,12, 4) RDS indeed exists [3,9] as now 2 { n and Theorem 6.1
is no longer applicable in that case. In case p = 7, it has been shown that r # 1 in [6].

It is possible to apply our results to get another proof but the main idea behind is not

so different though. Next, we summarize the result for (4n,n,4n,4) RDS, which now

follows from Corollary 5.7 and Theorem 7.6.

Corollary 7.7. If an abelian (4n,n,4n,4) RDS exists, then one of the following conditions

is satisfied:

(1) n=12%3 or 7°, wherea >1, b > 2;

(2) n = 2935, at least two of a,b, c greater than 0.
(3) n =2935¢pd, pd > 293%5¢ > 1 for a prime p > 5.

Analogous to Theorem 7.3, we obtain the following:

Theorem 7.8. Let p be an odd prime.
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Table 3

Nonexistence of abelian (4n,n,4n,4) RDS for 2 < n < 100, n # 3 and n # 2°.

n nonexistence n nonexistence n nonexistence
5 Theorem 7.6 6 Theorem 5.1 7 [6]

9 Theorem 7.6 10 Theorem 5.1 11 Theorem 7.6
12 ? 13 Theorem 7.6 14 Theorem 5.1
15 Theorem 5.1 17 Theorem 7.6 18 Theorem 5.1
19 Theorem 7.6 20 ? 21 Theorem 5.1
22 Theorem 5.1 23 Theorem 7.6 24 Theorem 5.1
25 Theorem 7.6 26 Theorem 5.1 27 Theorem 7.6
28 Lemma 5.6 29 Theorem 7.6 30 Theorem 5.1
31 Theorem 7.6 33 Theorem 5.1 34 Theorem 5.1
35 Theorem 5.1 36 Theorem 5.3 37 Theorem 7.6
38 Theorem 5.1 39 Theorem 5.3 40 Theorem 5.1
41 Theorem 7.6 42 Theorem 5.1 43 Theorem 7.6
44 Theorem 5.3 45 Theorem 5.1 46 Theorem 5.1
47 Theorem 7.6 48 ? 49 ?

50 Theorem 5.1 51 Theorem 5.1 52 Theorem 5.3
53 Theorem 7.6 54 Theorem 5.1 55 Theorem 5.3
56 Corollary 7.7 57 Theorem 5.1 58 Theorem 5.1
59 Theorem 7.6 60 Theorem 5.1 61 Theorem 7.6
62 Theorem 5.1 63 Corollary 7.7 65 Theorem 5.1
66 Theorem 5.1 67 Theorem 7.6 68 Theorem 5.1
69 Theorem 5.1 70 Theorem 5.1 71 Theorem 7.6
72 Theorem 5.1 73 Theorem 7.6 74 Theorem 5.1
75 Theorem 5.1 76 Theorem 5.3 7 Theorem 5.1
78 Theorem 5.1 79 Theorem 7.6 80 ?

81 Theorem 7.6 82 Theorem 5.1 83 Theorem 7.6
84 Theorem 5.1 85 Theorem 5.1 86 Theorem 5.1
87 Theorem 5.1 88 Theorem 5.1 89 Theorem 7.6
90 Theorem 5.1 91 Theorem 5.1 92 Theorem 7.8
93 Theorem 5.1 94 Theorem 5.1 95 Theorem 5.3
96 Theorem 5.1 97 Theorem 7.6 98 ?

99 Theorem 5.1 100 Theorem 5.3

(a) There does not exist an abelian (8p°,2p°, 8p®,4) RDS unless p® € {7",23",31",73% :
r>2is even,s > 1}.
(b) There does not exist an abelian (16p®, 4p®, 8p®, 4) RDS unless p® € {3,5,7" = r > 2}.

Proof. The proof of (a) is similar to that in Theorem 7.3 (b). For (b), the proof is similar
as Theorem 7.3 Lastly, note that p® # 7 from Lemma 5.6. O

8. Conclusion

In this paper, we have proved several nonexistence results of abelian (mn,n, mn, m)
RDS. In particular, we show that there is no abelian (2n,n, 2n,2) RDS for all 3 < n < 100
except n is a 2-power and 3 other cases which is summarized in Table 1. Similarly, there
is no abelian (3n,n,3n,3) RDS for all 2 < n < 100 except n is a 3-power and 4 other
cases which is summarized in Table 2, and there is no abelian (4n,n,4n,4) RDS for all
3 < n <100 except n is a 2-power and 6 other cases which is summarized in Table 3.



K.H. Leung et al. / Journal of Combinatorial Theory, Series A 193 (2023) 105674 25

Acknowledgment

The authors express their gratitude to the anonymous reviewers for their detailed and
constructive comments which are very helpful to the improvement of the presentation of
this paper.

References

[1] A. Blokhuis, D. Jungnickel, B. Schmidt, Proof of the prime power conjecture for projective planes of
order n with abelian collineation groups of order n?, Proc. Am. Math. Soc. 130 (5) (2002) 1473-1476.

[2] J.W.S. Cassels, On a conjecture of R.M. Robinson about sums of roots of unity, J. Reine Angew.
Math. 238 (1969) 112-131.

[3] J.A. Davis, J. Jedwab, M. Mowbray, New families of semi-regular relative difference sets, Des. Codes
Cryptogr. 13 (2) (1998) 131-146.

[4] J.E.H. Elliott, A.T. Butson, Relative difference sets, Ill. J. Math. 10 (1966) 517-531.

[5] T. Feng, Relative (pn, p, pn, n)-difference sets with GCD(p,n) = 1, J. Algebraic Comb. 29 (1) (2009)
91-106.

[6] T. Feng, Q. Xiang, Semi-regular relative difference sets with large forbidden subgroups, J. Comb.
Theory, Ser. A 115 (8) (2008) 1456-1473.

[7] C. Godsil, A. Roy, Equiangular lines, mutually unbiased bases, and spin models, Eur. J. Comb.
30 (1) (2009) 246-262.

[8] Y. Hiramine, On abelian (2n,n,2n,2)-difference sets, J. Comb. Theory, Ser. A 117 (7) (2010)
996-1003.

[9] K.H. Leung, S. Ling, S.L. Ma, Constructions of semi-regular relative difference sets, Finite Fields
Appl. 7 (3) (2001) 397-414.

[10] K.H. Leung, S.L. Ma, V. Tan, Planar functions from Z, to Z,, J. Algebra 224 (2) (2000) 427-436.

[11] K.H. Leung, B. Schmidt, The anti-field-descent method, J. Comb. Theory, Ser. A 139 (2016) 87-131.

[12] K.H. Leung, B. Schmidt, Nonexistence results on generalized bent functions Zj* — Z4 with odd m
and ¢ =2 (mod 4), J. Comb. Theory, Ser. A 163 (2019) 1-33.

[13] V.F. Lev, The rectifiability threshold in abelian groups, Combinatorica 28 (2008) 491-497.

[14] S.L. Ma, Planar functions, relative difference sets, and character theory, J. Algebra 185 (2) (1996)
342-356.

[15] S.L. Ma, B. Schmidt, Relative (p®, p®, p®, p®~®)-difference sets: a unified exponent bound and a local
ring construction, Finite Fields Appl. 6 (1) (2000) 1-22.

[16] A. Pott, Finite Geometry and Character Theory, Lecture Notes in Mathematics, vol. 1601, Springer-
Verlag, Berlin, 1995.

[17] B. Schmidt, On (p®, p®, p®, p®~?)-relative difference sets, J. Algebraic Comb. 6 (3) (1997) 279-297.

[18] B. Schmidt, Characters and Cyclotomic Fields in Finite Geometry, Lecture Notes in Mathematics,
vol. 1797, Springer-Verlag, Berlin, 2002.

[19] F. Stan, A. Zaharescu, The Siegel norm of algebraic numbers, Bull. Math. Soc. Sci. Math. Roum.
(N. S.) 55(103) (1) (2012) 69-77.

[20] T. Zhang, G. Ge, On (mn, n, mn, m) relative difference sets with gcd(m,n) = 1, J. Algebraic Comb.
48 (2018) 565-579.


http://refhub.elsevier.com/S0097-3165(22)00082-6/bibE2CFBBC3923AF89D762C33549795CB01s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibE2CFBBC3923AF89D762C33549795CB01s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib9FCEFAC1C05543288D8003FB8C22DAC1s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib9FCEFAC1C05543288D8003FB8C22DAC1s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib07C104C5A3EC8C559BCA30D8B80FF285s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib07C104C5A3EC8C559BCA30D8B80FF285s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibAFD93AFD4FA1CD9456CD439BA46FA2CCs1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibE257BA0DACF87D16C66E5F2E64B3B237s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibE257BA0DACF87D16C66E5F2E64B3B237s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibB7C92CF454E51E8E42E60C859228FDB1s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibB7C92CF454E51E8E42E60C859228FDB1s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib7C88FBD7F731271B7E3523857DD0085Cs1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib7C88FBD7F731271B7E3523857DD0085Cs1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibA4B6A87A3991211E4F3F48A62D895021s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibA4B6A87A3991211E4F3F48A62D895021s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibFC01FDBFBDD933BFBCBB28E731486983s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bibFC01FDBFBDD933BFBCBB28E731486983s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib49D5E009666C80E87CF87AC0A36B426Cs1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib9CF701F215DE821E36F8C7CF55129985s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib84F34C75093337E11E79FFB44A0BD193s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib84F34C75093337E11E79FFB44A0BD193s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib4058853765ADC8747990949B5D8C4B57s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib48F7EFB36A1515C549E84FACBCD3BF07s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib48F7EFB36A1515C549E84FACBCD3BF07s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib6C1858DB33C0234ABCAA9BABF7B11050s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib6C1858DB33C0234ABCAA9BABF7B11050s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib0F6C1553C917483DBA7E0A31F3A48157s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib0F6C1553C917483DBA7E0A31F3A48157s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib2B7A83C044DAC18CA95F402C9EB76A19s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib3AEBEC09AED29CB42464817E942CFB5Bs1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib3AEBEC09AED29CB42464817E942CFB5Bs1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib3FFA4A71A5AA791A8BC3409F5B15B936s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib3FFA4A71A5AA791A8BC3409F5B15B936s1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib08713949640252B5E95CD37EF50BB25Bs1
http://refhub.elsevier.com/S0097-3165(22)00082-6/bib08713949640252B5E95CD37EF50BB25Bs1

	On the nonexistence of semi-regular relative difference sets
	1 Introduction
	2 Preliminaries
	3 Number theoretic background
	4 Results on the M-function
	5 General nonexistence results
	6 Abelian (pn,n,pn,p) RDSs
	7 m=2,3 or 4
	8 Conclusion
	Acknowledgment
	References


